
Math 165: Calculus
ECE 111 Introduction to ECE

Jake Glower - Week #4

Please visit Bison Academy for corresponding

 lecture notes, homework sets, and solutions



Differentiation and Integration
Math 165: Differentiation

Math 166: Integration

Each is important for electrical and computer engineering.

In this lecture, we'll cover

How to find the derivative of a function using numerical techniques

How to find the integral of a function using numerical techniques

Determine the energy production of a solar panel

Determine the energy production of a wind turbine

Are solar and wind a good investiment from a purely financial standpoint?

Do they pay for themselves in 7 years or less?



Differentiation

The derivative of a function

y = f(t)

is the change in y relative to the change in t:
dy

dt
=

change in y

change in time
=

δy

δt

Math 165: Memorize a few derivatives
d

dt
(cos(at)) = −a sin(at)

d

dt(at2) = 2at
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Numerical Differentiation

If you have data y(x), then




dy

dx



x=4
≈

y(5)−y(3)

x(5)−x(3)

In general
dy

dx
(i) ≈

y(i+1)−y(i−1)

x(i+1)−x(i−1)

Note:  Endpoints are slightly different
dy

dx
(1) ≈

y(2)−y(1)

x(2)−x(1)
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Numerical Differentiation in Matlab

Create a fuction:

In Matlab, click on 'File New Function'

Save as 'deravitive.m'



Test your function

Check vs. known solution
d

dx
(2 sin(3t)) = 6 cos(3t)

Checking in Matlab:

x = [0:0.1:4]';

y = 2*sin(3*x);

dy = derivative(x,y);

plot(x,dy,'b.',x,6*cos(3*x),'r');

Comparing:

Numerical Solution (blue dot)

Actual Solution (red line)

Looks like it works



Numerical Differentiation:

Find the derivative of

y = e−x2
cos (x2)

Matlab:

x = [-3:0.01:3]';

y = exp(-x.^2).*cos(x.^2);

dy = derivative(x,y);

plot(x,y,'b',x,dy,'r');

Numerical differentiation doesn't care what
the funciton is.

If you can get x(t) into Matlab, you can
calculate its derivative via numerical methods



Differentiation & Noise

In practice, avoid differentiation

It amplifies noise

Noise:

Random motion of electrons

Picking up radio signals

Example:

y = e−x2
cos (x2) + η

η~N(0, 0.012)

n = 0.01*randn(601,1);

y = exp(-x.^2).*cos(x.^2) + n;

dy = derivative(x, y);

plot(x,y,'b',x,dy,'r');



Numerical Integration

Integration and differentiation both operate on functions:

The derivative of a function is the slope

The integral of a function is the area under the curve.

Integration and differentiation are also related:

The integral of the derivative of a function is that function:

∫ 
dy

dx

 dx = y

The derivative of the integral of a function is that function
d

dx
(∫ y ⋅ dx) = y



The relationship allows you to find integrals:
d

dx
(a sin(bx)) = ab cos(bx)

Hence

.a sin(bx) = ∫ (ab cos(bx)) ⋅ dx

Math 166 gets more difficult.  The chain rule from Math 165 has
d

dx
(ab) = da

dx
⋅ b + a ⋅ db

dx

Integration by parts is the inverse of this:

ab = ∫ 
da

dx
⋅ b + a ⋅ db

dx

 dx

You know the integral if

y(x) = da

dx
⋅ b + a ⋅ db

dx



Numerical Integration
The integral is the area under the curve

Trapezoid Rule

∫a

b
y ⋅ dx ≈ 


y(b)+y(a)

2

 ⋅ (b − a)

function [y ] = Integrate( x, dy )

 

npt = length(x);

 

y = 0*dy;

 

for i=2:npt

   y(i) = y(i-1) + 0.5*(dy(i) + dy(i-1)) * (x(i) - x(i-1));

end

 
end
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Checking against a known problem

∫ 6 cos(3x)dx = 2 sin(3x)

Let

dy = 6 cos(3x)

y = 2 sin(3x)

Check in Matlab:
x = [0:0.1:4]';

y = 2*sin(3*x);
dy = 6*cos(3*x);

plot(x,y,'r',x,Integrate(x,dy),'b.');



Integration and Noise

Integration helps to remove noise

Much preferred in practice to differentiation

Example:

x = [-3:0.01:3]';

n = 0.1*randn(601,1);

y = exp(-x.^2).*cos(x.^2) + n;

z = Integrate(x, y);

plot(x,y,'b',x,z,'r')

Signals:

Blue:  signal + noise

Red:  Integral of signal



Solar Enegy in Fargo
Is this a good investment?

How long does it take for the solar panels to pay for itself?

Specifications:

10kW Solar Panel System

$15,640 as of  September 17, 2019.



Questions:

How much energy will it produce on an hourly basis for April 2018?

What is the total amount of energy these will produce in kWh?,

How many pounds of coal would this offset,  and

How long will you have to wait for these panels to pay for themselves assuming
electricity sells for $0.10 / kWh (i.e. are these a good investment from a purely economic
standpoint)



NDAWN

Go to the NDSU NDAWN web site:

https://ndawn.ndsu.nodak.edu/

Click on Weather Data, Hourly

Select Fargo North Dakota, Solar
Radiation for April 2018

Select Metric



Open the CVS file

Copy and paste into Matlab:
MJ = [  start of matrix

    paste your data here

      ];

end of matrix



To convert to energy in kWh, you need to know

The area of the solar panel,

The efficiency of the solar cells, and

The conversion from MJ to kWh

Assume a 40-pack Grid Tied solar panel:

Area = 40 x 1.5m x 1.0m = 60 m2

Efficiency of solar cells = 19% (approximate)

1kWh = 3.6MJ

scale this data by


1.00 MJ

m2


 ⋅ (60m2) ⋅ (0.19) ⋅ 1kWh

3.6MJ
= 3.167kWh



Matlab Code

MJ = [  start of matrix

paste the data here

        ];

 end of matrix

kW = 3.167*MJ;

size(kW)

   720     1

there are 720 hours in April, 2018

hr = [1:720]';

kWh = Integrate(hr,kW);

plot(hr/24,kWh,'r',hr/24,kW*100,'b')

xlabel('Day');

ylabel('Energy (kWh');

title('April 2018: Solar Energy');

kWh = sum(kW)

  1595.8



Questions & Answers

What is the hourly energy production for these panels?

See the blue line in the above figure.

What is the total energy production over the month?
kWh = sum(kW)

1565.8

How many pounds of coal would this offset?

1.78 Pounds of North Dakota lignite coal produces 1kWh
Minnkota 2019 annual report for Young1 440MW coal plant

Pounds = kWh * 1.78

Pounds =  2787



How long will you have to wait for these panels to pay for themselves assuming
electricity sells for $0.10 / kWh

At $0.10 / kWh,

One month produces $156.9 (1569 kWh)

It takes 137.9 months (8.3 years) to pay for itself

Payback Time =  months


$15,640

$156.9/mo


 = 99.68

Payback Time = 8.3 years

Is this a good investment?

No:  A rule of thumb is that if an investment that pays for itself in 7 years or less, you
do it.  If it takes more than 7 years, you don't.



But.....

8.3 years is really close to 7 years.

If the price of solar panels drop by 15%, this will be a good
investment from a purely economic stadndpoint.

If the efficiency of solar panels can be increased from 19% to
23%, this will be a good investment

If you add a solar tracker, the solar panels output 30% more
power

If you take in to account environmental issues, you might still
want to invest in solar panels.

If you lived somewhere that gets more sun than Fargo, ND, the
payback time will drop as well.

Even in Fargo, ND, a place not known for being sunny, solar
energy is almost viable today.



What is the cost of solar energy on a $ / kWh basis?

Assume comperable production every month for 20 years 


1595.8 kWh

mo



12 mo

y

 (20y) = 382, 992 kWh

An initial cost of $15,640 results in




$15,640

382,992kWh

 = $0.0408 /kWh

In comparison, other forms of energy cost:

Wind 1.34   cents / kWh

Nuclear1 2.438  cents / kWh

Coal / Steam1 3.088  cents / kWh         no carbon capture

Solar 4.08    cents / kWh

Gas1 6.44   cents / kWh

Hydro1 9.32    cents / kWh

Coal w/ CC 25 - 32 cents / kWh       with carbon capture
(1) U.S. Energy and Information Adminsitration 2019 estimates



Wind Energy in Fargo:
https://www.vestas.com/en/products/offshore/V164-9-5-MW

Assume a Vestas V164-9.5MW Wind Turbine

9.5MW peak production

164m diameter blades

The hub is 180m above the ground

The cost is approximately $12.4 million, including
installation cost, tower, generators, etc.

Specifically, let's investigate

How much energy would this wind turbine
produce on an hour-by-hour basis if installed in
Fargo, ND

How many pounds of coal would this offset?

How long you would have to wait until the wind
turbine pays for itself (i.e. is it a good investment
from a purely economic standpoint)



Step 1:  Get Wind Data (NDAWN)
Going to the NDAWN site   (
https://ndawn.ndsu.nodak.edu/ )

Select Fargo, ND, Average Wind Speed on an
hourly basis

Select metric units and download to a CVS file.

Open the CVS file in Xcel and copy the last
column

Paste into MATLAB as

Wind = [

< paste control V >

];
hr = [1:length(Wind)]';

plot(hr/24,Wind);

xlabel('Time (days)');

ylabel('Wind Speed (m/s)');



Convert wind speed @ 180m

Wind at 180m is more than on the ground

Think of flying a kite

A rough approximation (wikipedia) is

vw(h) = v10



h

h10




α

or, in other words, the wind speed at 180m would be approximately 2.2x the wind
velocity  recorded

Wind @ 180m = 2.2 * Wind @ 2m;



Convert Wind to kW
Power Curve for the wind turbine

Wind

(m/s)

0..3 4 5 6 7 8 9 10 11 12 13+

kW 0 249 613 1,226 2,030 3,123 4,444 5,900 7,299 8,601 9,500

function [kW] = PowerCurve(Wind)

x = [3,4,5,6,7,8,9,10,11,12,13]';

y = [0,249,613,1226,2030,3123,4444,5900,7229,8601,9500]';

B = [x.^3, x.^2, x, x.^0];

A = inv(B'*B)*B'*y;

kW = 0*Wind;

for i=1:length(kW)

    if(Wind(i) < 3)

        kW(i) = 0;

    elseif(Wind(i) > 13)

        kW(i) = 9500;

    else

        kW(i) = [Wind(i)^3, Wind(i)^2, Wind(i), 1]*A;

    end

plot(x,y,'b-',Wind,kW,'r.')

end



If you plot wind speed at the turbine vs. kW, you get the wind / power relation
>> X = [0:0.1:15]';

>> PowerCurve(X)



If you plot time vs. kW, you get the energy produced on an hour-by-hour basis
>> kW = PowerCurve(Wind * 2.2);

>> plot(hr/24,kW);

>> xlabel('Day');

>> ylabel('Power (kW)');



Wind Results

The average output of this wind turbine over this time frame is less than 9.5MW

The wind isn't always blowing

>> mean(kW)

  3212.1

The total energy produced in one month is

kWh = ∫ kW ⋅ dh

kWh = Σ kW ⋅ hr

>> kWh = sum(kW)

kWh =  2.1585e+006



Questions & Answers:

How much energy would this wind turbine produce if installed in Fargo, ND?

This is the sum of the kWh produced over the month.

 2,158,511 kWh

How many pounds of coal would this offset?

It takes 1.78 pounds of North Dakota lignite coal to produce 1kWh:

Pounds = kWh * 1.78

ans = 3,842,149

Each month, this wind turbine offsets 3,842,149 pounds of coal



How long would you have to wait for this wind turbine to pay for itself?

At $0.1 / kWh, this wind turbine would produce $384,215 in one month.

Wind farms cost on average $1300/kW (eia), or about $12.4 million for a 9.5MW
wind turbine (including the tower).  

The payback time is

 months = 2.7 yearsN = 


$12,400,000

$384,215/mo


 = 32.27

At $0.1 / kWh, this wind turbine would pay for itself in less than 3 years.  

From a purely economic standpoint, wind energy is a very good investment in North
Dakota.  More so it you consider their environmental aspects.



What is the cost / kWh to produce energy with wind?

A 20-year life (typical for generators)

The wind each month is similar to June 2022

The cost per kWh is then


3, 842, 149 kWh

mo

 (12mo)(20y) = 922, 115, 760 kWh




$12,400,000

922,115,760 kWh

 = $0.0134 /kWh

Wind 1.34   cents / kWh         with no government subsidies

Nuclear1 2.438  cents / kWh

Coal / Steam1 3.088  cents / kWh         no carbon capture

Solar 4.08    cents / kWh

Gas1 6.44   cents / kWh

Hydro1 9.32    cents / kWh

Coal w/ CCS 25 - 32 cents / kWh       with carbon capture & sequestration
(1) U.S. Energy and Information Adminsitration



How much energy could we produce with wind
energy in North Dakota?

1.182TWh of electricity each year

Enough to supply 25% of the nation's electricity needs

National Renewable Energy Administration

https://www.nrel.gov/docs/fy00osti/28054.pdf

At $0.1 / kWh, that would generate $118 billion each
year

Equals $157,000 per person in North Dakota,

More than double the entire GDP for North Dakota
http://www.deptofnumbers.com/gdp/north-dakota/

More if you consider that the average cost of electricity
in the United States is $0.15 / kWh

 

North Dakota GPD
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Summary

With Matlab, numerical differentiation and integration are easy

If you can get x(t) input Matlab, you can compute the derivative or integral fairly easily
using numerical methods

Integration is preferred in practice

Differentiation amplifies noise

Integration removes noise

With Matlab, you can ask questions like are solar and wind energy practical in

North Dakota?

Solar:  Not quite but close

Wind: Very strong yes.


