NDSU Dynamics of a Double Pendulum

ECE 463

Dynamics of a Double Pendulum

A Gantry system with a second mass added to it is shown below. Assume

ml =m2 =m3 = 1kg
I1=12=1m

m3

m2

Qi
L1

mi

v

L x .

Determine the position of each mass as a funciton of x, 0;, and 0,

Mass 1:

Vi=X x1=0
Mass 2:

V2 =V1 +5in(04) X2 =X1+C€0S(61)
Mass 3:

V3=V +sin(01+03) X3 =X +C0S(61+67)

Simplifying and using shorthand notation
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Vi=X x1=0
V2 =X+S51 X2 =C1
Vi=X+S1+S12 X3=C1+C12

Determine the kinetic energy of the system

Take the derivatives:
Vi =X x1=0
3‘/2=5(+C1é1 5(22—5161

V3 =X+c10; +c12(é1 +éz) X3 =-510 —512(61 +éz)
KE = 1m; (xf +§/f) +%m2(5(§ +y§) +%m3(5(§ +§/§)

KE = 3(x?) +%(<)‘<+ c1é1) ’ + (—5161) 2)

+%((5<+ c16; +c12<é1 +éz)>2 + (—5191 —512(91 +éz>) 2)

Simplifying

KE = 3x? + 67 +%(é1 +éz) ’ +2¢1X01 + 2601 (61 +éz) +c125((é1 +éz)

Determine the potential energy of the system
PE = m1g9x4 + m29X2 + M3g9x3
PE =gc1+g(cq1 +C12)
PE =2gc1+9cC13
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Force on the Mass #1:

Form the LaGrangian:
. o . 2 o ® o o . . o o
L=2x%+67 +%(e1 +92) +2¢1X01 + €20, (61 +62) +c12x(91 +ez) —29C1—9C2

Determine the force on the mass:
F=al%) -5
F:%(3k+2c1é1 +C12(é1 +92D -0
F=3%+2c0— 25,03 +c12(é1 +éz> —512(91 +éz> 2

Torque on Q1

L— X +92 %(91 +92) 2+2C1).(é1 +C2é1(é1 +é2) +C125((é1 +é2) —2gc1 —9C12

(861) ae1

T =%<Zé1 +(é1 +éz) +2C1X+ c2<é1 +éz) + €26, +c125<)

—(—250’(61 - 5125<(é1 + éz) +2gs4 +9512)

T =26+ (61 +éz) —251%6, +2c152—sz<é1 +éz) 0,
+C2(é1 +'62) — 52010, +¢26, —5125<<é1 +éz) +C1aX

+2$15(é1 +S125(<é1 +éz) —2gs1 —9512
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Torque on Q2

L— —X +92 %(91 +92) ’ +2C1).(é1 +C2é1(é1 +éz) +C125((é1 +é2) —2gc1 —9C12

(892> ae2

T, :%((61 +éz) +€201 +c12)'() - (—5261(61 +éz) —5125((61 +éz) +gs12)

T, = ('61 +éz) — 52016, + 26, —5125((('91 +éz) +C1aX

+5201 (('91 + éz) +s12>'<(é1 + éz) ~gsn

Nonlinear Dynamics of a Double Pendulum:
b4 .o .o . . 2
F= 35(+2C191 —2519% +C12(91 +92) —512(91 +92)

T.= 26, +<é1 +'62) —251%6 +2c1k—sz<é1 +éz) 0,
+c2(é1 +'éz> — 52016, + 26, —sm'((éh +éz) +C1aX

+2$1).(é1 +S12).((é1 +éz) —2g51 —9512

T, = ('61 +éz) — 52016, + 26, —5125((('91 +éz) +CpaX

+520 (61 + éz> + s1z>'<<é1 + éz) —gs1

Another way to write this is
Mo =c(0,6) +G@O)+T

where

M is the mass (inertia) matrix

C() are the coriolis forces

G() is the gravity matrix, and

T is the input (torques and forces).
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Placing the dynamics in this form:

3% +2¢+104 +c12(é1 +'62> = F+25,6% +—s12<é1 +éz) ’

264 + (61 +éz) +2c15€+cz(é1 +§2) +C20y +CppX = T1+251%0; +sz(é1 +éz) 0,
+52é1é2 +S12).((é1 +éz)

~251%0 —512)'<(é1 + éz) +2g51 + 9512

(61 +éz) +Czé1 +CpX= T, +Szé1éz +S125((é1 +éz)

—5261(81+8) —s12%(81+85) + 9512

Placing in matrix form:

3 (2c1+c2) €12 X
(2c1+Cn) (3+2¢,) (1+¢cy) || 64 |=
| n (1+c) 1 62
i . . . 2 ]
+25,62 +—s12(91 +92) 0 F
+2$1).(é1+Sz<é1+éz)éz+$261éz—251).(é1 +g| +251+5S12 |+]| Tq
S12 T,

452818, —5,01(61+6,)

Linearized Dynamics

For small angles

C1z1
S1 =04
0:6,~0
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331 X 0 F
352 61 =g +201+61+0, |+]| T4
121 éz 91 +92 Tz
If the only input is the force on the base
1331 | x 000 || x F
352 61 =g 031 0, [+| T;4
121 6, 0116, ] [T,
| x 020 x | [ 1
61 =g 0 1 0 [+| =1 |F
6 0-33) 6, | 1
In State-Space form
x| [oo o100 x| [ 0]
01 O O 0010 | 04 0
s 9.2 _ 0O 0O 0001 9.2 N 0 F
X 0-2¢ 0000 | x 1
61 03 g 000 | 6 —1
_éz_ _0—3g3g000__éz_ 1
Checking the controllability of the system:
>> 7 = zeros(3,3);
>> I = eye(3,3);
>> A = [Z,I ; inv (M) *G*9.8,72]
0 0 0 1.0000 0
0 0 0 0 1.0000
0 0 0 0 0
0 -19.6000 -0.0000 0 0
0 29.4000 -9.8000 0 0
0 -29.4000 29.4000 0 0
>> B = [0;0;0;1;-1;171;
>> rank ([B,A*B,A"2*B,A"3*B,A4*B, A 5*B])
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Surprisingly, the system is controllable from the force input.

Checking the eigenvalues:

>> eig(A)

-6.8099
-3.5250
6.8099
3.5250

The open-loop system is unsable as it should be. If you turn it off, it will fall.

If you reverse gravity, this is a double gantry system

> A = [Z,1

[oNoNoRoNoN®)

>> B

PP P OOO

>> eig(A)

0

0
0.0000
0.0000
-0.0000
-0.0000

I+ 1+
w W o o

[0;0;

; —inv (M) *G*9.8, 7]

0

0

0
19.6000
-29.4000
29.4000

0;1;-1;1]

.80991
.80991
.52501
.52501

0

0

0

0.0000
9.8000
-29.4000

>> rank ([B,A*B,A"2*B,A"3*B,A"4*B, A 5*B])

ans = 6

This too is controllable from the force input.
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