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Calculus of Variations

Calculus of Variations i1s a branch of mathematics dealing with optimizing
functionals. A functional is a function of functions. For example

J(x) = [P F(t, x, X dt

Y
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Find the function, f(x), which minimizes a functional




Euler Legrange Equation

The minimum is found from

a . J(x+§n)—J(x)) _
dg _lgm ( € =0

The solution is (see lecture notes for derivation)

b
= a(Fx+%(F;<))n-dt+(F;(n)|2=O

Since n(t) 1s an arbitrary function, this can only be true if

F Y — %(F x) =0 Euler LeGrange Equation




Boundary Conditions
= : (Fx+%(F;<))n -dt+ (Fxn)|5 =0

Fixed Endpoints:

x(t) 1s defined by the endpoint constraints

Free Endpoints:
Fx=0




Example 1: Shortest Distance Between Two Points:
What function minimizes the distance traveled from point A to point B?

« What is the minimal cost road connecting these two points assuming uniform cost per mile

J = length:

J:j: (\/dx2+dy2> ¢
=P @)
Functional: 2
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The Euler Legrange equation 1s
d
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A straight line is the shortest distance between two points




Example 2: Soap Film:

Minimize the surface area of a soap film:
« What road connects the points (0, 5) and (5,5) assuming the cost per mile is proportional to X?

Functional:

F=xy1+y 2




Soution: The function must satisty the Euler LeGrange equation:
d

Since there 1s no 'y', this simplifies to

dl xv | _ 0
dx /1 +y/ 2 -
xy’

1+y

=d
/2

Solve for y'

y ===
XZ_GZ

dy:J)dex




jdy:_[(J)iT)dx

Change of variable:
x=a cosh(6)
dx =asinh(6) - do
Plugging in

_[dyz_[( \/coshl(e)—1 -(asinh(e))) - do
y:"‘<asinh(9)> . do=ab+b

sinh ()

Resubstituting for x

Y= a(cosh‘1 (2)) +b




X = acosh (%) shape of a soap film circling the y-axis

y = acosh (%) shape of a soap film circling the x-axis
Endpoints:

y(0)=35 left endpoint

y(5) =5 right endpoint

2-equations for 2 unknowns:

5 =acosh (%)

5 =acosh (%)




Solution: (matlab and fminsearch)

v =1.175cosh (1‘1272)




Soap Film with a Free Endpoint:
If the right endpoint is free, then the constraint 1s that
Fy =0
Example:
- Left Endpoint: x =0, y=5

- Right Endpoint: x =2, y = free
Left Endpoint:
5 =acosh (‘—f)
Right Endpoint:
F,=0=y' =0
y’ =—asinh (%) =0




Solution:

y = 0.7898 cosh (O;;298)

> <




Euler Legrange Equation with Two Dependent Variables
If

J= IZ F(t, x, x,u, U)dt
then

Fi—4(F =0

Fu—g(Fa)=0




Euler Legrange Equation with Contraints:
If

G(t,x,x,u,u)=0
then add a Legrange multiplier, M:

J=| : (F(t, X, %, U, i)+ M- G(t, X, X, u, ()dt




Example 3: Hanging Chain
Find the shape of a hanging chain

« Endpoints Im apart
« Length of chain = 2m

Functional: Minimize the potential
energy:

F=xy1+y 2

Subject to

- y(O)=1;
- y()=1

. length :_[; 1+y2dx=2
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Solution: Add a LaGrange multuiplier
F=xy1+y 2+ MJ1+y 2

Plugging into the Euler Legrange equation:
d

There 1s no y, so

Fy/ =da
/____a
\/(x+M)2—az

J-dy: J- ‘/(X+/:)2_az dX




Do a change of variables
X+M=z
dx=dz

then
Jay=| X

Do another change in variables
Z=a- cosh(w)
dz =a-sinh(w) - dw




Jdy=] =2

-a-sinh(w) - dw

1

* \/ coshz(w)—1

From trig identities:
cosh” — 1 = sinh?

jdyzjaodw
y=aw+Db

- \/ a’cosh?(w)-a?

-a-sinh(w) - dw




Back substituting
y = a-arccosh(3)+b

y= a-arccosh(%) +b

or

x:a-cosh(¥) -M

y=aocosh(¥) -M

Shape of a rope with gravity in the -x direction

Shape of a rope with gravity in the -y direction




Plug in constraints:
Left Endpoint: (x0, y0) =(0,1)

1 =acosh (%) -M

Right Endpoint: (x1,yl)=(1, 1)
1 =acosh (%) -M

Length = 2m:

The third equation comes from the total length being 2 meters:

j 1+vy?% -dx=2m

ason(8)) =




Solving 3 equations for 3 unknowns in MATLAB

function J = cost3(z)

a = z(1);
b =2z(2);
M = z(3);

o\

assume gravity is in the -y direction

s y = f(x)

Length = 2;

x1l = 0;

vyl = 1;

x2 = 1;

y2 = 1;

el = a*cosh((xl-b)/a) - M - yl;
e2 = a*cosh((x2-b)/a) - M - y2;
e3 = a*sinh((x2-b)/a) - a*sinh((x1-b)/a) + - Length;
x = [x1:0.001:x2]";

y = a*cosh( (x-b)/a ) - M;
plot(x,y);

pause (0.01) ;
J = el”2 + e2"2 + e3"2;

end

[A,B] = fminsearch('cost3',10*rand(3,1)-5)
-0.2296
0.5000
-2.0260

2.1366e-008




Result:

y(x) =—0.2296 cosh (_’5;02-36) —2.0260
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