NDSU Gircuit Analysis with Forcing Funcitons ECE 343

Circuit Analysis with Forcing Functions

Background

Last lecture covered circuit analysis with LaPlace transforms when there are

+ Initial conditions, and
No input.

Today, let's look at circuit analysis when you have

Zero initial conditions, and
+ A non-zero input.

This is equivalent to having an in put which is zero for t<0

vin(1) = f(D)u(?)

Since the input is zero for t < 0, at t = 0, the states should all be zero.

Again, let's use state-space. It's also easier to explain through examples.

Example 1: 2-Stage RC Filter.

Find y(t) assuming a step input:

vo(t) = u(r)

10 10
VO Vi V2

yi v

0.01F 0.02F
VO C) N 100 - 100

2-Stage RC Filter with an input, VO
The procedure is almost identical to the previous solution, only now with

Initial conditions are zero, and
There is an input, VO
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Step 1: Define the system states.

This is the voltage across the capacitors and the current through inductors. This defines the energy in the system.

Step 2: Define the change in energy in terms of the input and the system states

moon (5] +(252)+ (32

I, =0.02-sV, = (O‘VZ) ¥ (M)

100 10

Group terms:
sV, ==-21V;+10V,+ 10V,
S‘Qg:=5‘/1—-5.5vﬁ

Step 3: Place in matrix (state-space) form

vi | [-21 10 [ v 10
AR HI R
Vi
Y=V2=[01]{ }[0]

Vs

Solve for the transfer function from VO to Y in Matlanb:

A = [-21,10 ; 5, -5.5]
-21.0000 10.0000
5.0000 -5.5000
B = [10 ; 0]
10
0
c = 1[0,1];
D = 0;
G = ss(A,B,C,D);
50
G(s) =

(s+23.74) (s+2.759)
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At this point you can solve for Y(s):
Y(s) = G(s) - Vo(s)

If the input is a unit step:

(e (1
Y(s) = ((s+z.759)(s+23.74)) (*)

In Matlab, you can solve using the step function

>> t [0:0.01:3]";
>> vy step (G, t);
>> plot (t,y);

y(t) for vO(t) = u(t). Note that y(t) = 0 for t<0

You can also find the output for other inputs, but Matlab doesn't have those functions built in (like the step
function). If you have a different input, you need to find Y(s) and use the impulse command.

Example: Find the response for

vo(?) = sin(4)u(?)

Solution: Find the LaPlace transfer for v,(t). From http://tutorial. math.lamar.edu/pdf/Laplace_Table.pdf

sin(at) <> ( = 2)

s2+a

cos(at) < ( - 2)

s2+a

This gives

Vo(s) = (szjl())
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Y(s) is then

Y(s) = G(s) - Vo(s)

_ 10(s+26) 4
Y(s) = ((s+2.759)(s+23.74)) (SZHJ

Find Y(s)

zpk (Y)
200
D
(s+23.74) (s+2.759) (s”2 + 16)
t = [0:0.01:5]";
y = impulse(Y,t);

tl = [-1:0.01:5]";
Vo = sin(4*tl) .* (t1>0);
plot(t,y,'b',tl,Vo,'r")

0.4

02+

02

04—

D6~

08—

y(t) (blue) and vo(t) (red) for a 4 rad/sec sine wave input.
Note that y(t) = 0 for t<0.
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Example 2: 5-stage RC filter.

Find V5(t) assuming vo(f) = u(t)

"y | |
100 “Y 100 SV 100 “y 100 5 100

v * ) O0F| % 002F| % 00%F| % 004F| % 005F| %

Again, this follows the previous analysis fairly closely - except that now you have

No initial conditions, and
+ Input Vo.

Step 1: Define the state variables. The energy in the system is defined by

Vi
V>
X=| v,
V4
Vs

Step 2: Define the change in the state variables in terms of the other states

I, =0.01sV, = (“{0“) + (0;021) - (—VZI‘OVI)

V-V,

0=V,
100

(5)+(25

(5)-(22)
()
()

V3=V,

+

+

12 = 002SV2 = (

I3 =0.03s5V; = (VZ £

10

Ne— N N

I4=0.04sV, = (‘/310‘/4 + 010‘84 + V510V4)
Is=0.055Vs = (V410V5 + 010 5
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Group terms and solve for the derivative

sVi==-21V; + 10V, + 10V,
sV, =5V, —10.5V, +5V;
sV3=3.33V,-TV3+3.33V,
sV4=2.5V3-5.25V,4+2.5V5s
sVs =2V4—-2.2V5s

Place in matrix form

Vi -21 10 0 O 0 Vi 10
Vs 5 =105 5 0 0 Vs 0
sf V3 |=| 0 333 -7 333 O Vs |+ 0 |Vo
V4 0 0 25-525 25 Va4 0
Vs L0 0 0 2 22 Vvs| |0
Vi
2
Y=Vs=[00001 ] V5 |+[0]
V,
Step 3: Find the transfer function from VO to Y:
A = [-21,10,0,0,0 ; 5,-10.5,5,0,0 ; 0,3.333,-7,3.333,0 ; 0,0,2.5,-5.25,2.5 ; 0,0,0,2,-2.2]
-21.0000 10.0000 0 0 0
5.0000 -10.5000 5.0000 0 0
0 3.3330 -7.0000 3.3330 0
0 0 2.5000 -5.2500 2.5000
0 0 0 2.0000 -2.2000
B = [10;0;0;0;0]
10
0
0
0
0
c=110,0,0,0,11;
D = 0;
G = ss(A,B,C,D);
JSG
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zpk (G)

833.25
G(s) =

(s+24.76) (s+11.31) (s+6.601) (s+2.822) (s+0.4601)

Step 4: Find y(t) for Vo(t) = u(t). This is the sfep command in Matlab:

t [0:0.01:101";
y step (G, t);
plot(t,y);

0.35

03 _
025 -
02+ |
0.15 —
01+ _
005 - —
0 | | | | | | | | |
0 1 2 3 4 5 B 7 8 ] 10
Response for a step input:  vo(t) = u(t)
Repeat for

vo(?) = cos(H)u(?)

Take the LaPlace transform of vo:

Vo(s) = (ﬁil)

Y(s) is then
Y(s) = G(s) - Vo(s)

>> Vo tf([1,0],[1,0,11)

833.25 s

(s+24.76) (s+11.31) (s+6.601) (s+2.822) (s+0.4601) (s”*2 + 1)
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y = impulse (Y, t);
tl = [-1:0.01:101";
vo = cos(tl) .* (t1>0);
plot(t,y, 'b',tl,vo,'r")

06—

0.4

02+
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06—
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y(t) and vo(t) for vo(t) = cos(t) u(t)
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Example 3: RLC Circuit
Find V4(t) assuming vo(t) = u(t)

0.2 0.5H 03 0.2H
UM V2 W‘*
— —
1 13

0.1F + 0.25F +

Solution: Follow the same procedure as before but with

+ No initial conditions, and
An input, Vo

Step 1: Define the state variables. These define the energy in the system

I
Vs
I3
V,

Step 2: Define the change in the states.
vi=0.5sl =(Vy—0.21,)- V>
i»r=0.1sVo=1,-15
v3=02s=V,-0.313-V,
is=025sVy=1;

Step 3: Rewrite these equations as
sl =-0.41, -2V, +2V,
sV, =101, = 1013
sl3 =5V, —1.51; -5V,
sV, =4I,
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Place in matrix form

'l =04 =2 0 o5 [2]
J V2| 100100 Vo o,
I3 0 5 —15-5 || I 0
Vel | 0 0 4 0 ||V [0
o
Vs
Y=vi=[0001] * |+[0]

3

Solve in Matlab

A=[-0.4,-2,0,0 ; 10,0,-10,0 ; O0,5,-1.5,-5 ; 0,0,4,0]

-0.4000 -2.0000 0 0
10.0000 0 -10.0000 0
0 5.0000 -1.5000 -5.0000
0 0 4.0000 0
B = [2 7 O I O ’ 01
2
0
0
0
>> C = [0,0,0,1];
>> D = 0;
>> G = ss(A,B,C,D);
>> zpk (G)
400
G(s) =

(s”2 + 0.6102s + 4.7) (s*2 + 1.29s + 85.11)

Find the step response ( vo(t) =u(t) )

t = [0:0.01:101";
y = step(G, t);
plot (tr Y)
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08— —

06— —

04~ —

02 —

Step Response: vo(t) = u(t)

Repeat for
vo(?) =3 cos(4r)

oto) = (25

>> V0 = t£([3,0],[1,0,41)

> Y = G * VO0O;

>> vy impulse (Y, t);

>> tl = [-2:0.01:101";

>> vo = 3* cos(2*tl) .* (t1>0);
>> plot(t,y,'b',tl,vo,'r")

y(t) (blue) and vo(t) (red) for vo(t) = 3 cos(2t) u(t)
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