ECE 463/663 - Homework #4

Block Diagrams and LaGrangian Dynamics. Due Monday, February 10th

1) Determine the state-space model for two systems in parallel:

Write the differential equations
sX)=A: X, +B,U
sXo =A X, + B, U
Y=C X1 +CXo+DU+DyU

Place in matrix form

PR MR

Y=|C C ]{ ? }[Dl +D,1U

2



2) Determine the state-space model for the following system:

write the differential equations
sX; =AX, - BK,X3 - BK X>
sX, =A. X, +B.,CX, —B.R
sX3 =AX3—HCX;+HCX, — BK, X3 — BK X,

Place in matrix form

X A -BK, —-BK, X 0
s| X, |=| B,C A 0 X, (+| -B; R
X3 HC -BK; A—-HC-BK; || X3 0



3) (30pt) Derive the dynamics for an inverted pendulum where

ml = 4kg (mass of ball)
m2 = 1kg (mass of cart)
L =1.0m (length of arm)

Fine the linearized dynamics atx =0,0 =0

4kg

@ Vx

1kg

Mass #1
X1 =X yi=0
X=X v1=0
PE=0
KE = 2mv? = 2x?
Mass #2
X2 =X+5sin6 Yy, =C0SO
X, =X+cos80 Vv, =-sinood
PE = 4gcos6
KE = 2m(x? + y?)

KE = 2((5<+ cos eé) i + (—sin eé) 2)

KE = 2x* + 262 + 4cos 6x0
The LaGrangian is then
L = KE—-PE

L= (2.55(2 +202+4cos eké) — (49 c0s0)



To find the dynamics, use the Euler LaGrange equation

L= (2.55(2 +202+4cos eké) — (49 c0os0)

F=ala) - (%)
F= %(5k+4coseé) —(0)

F = 5% + 4cos 00 — 4sin 002

L= (4)'(2 +26% +4cos 9)’(('9) — (4gC0s0)

_dfoL) _ (oL
T= dt(ae’> (89)
T=%<4é+4cose)'<) —~ (—4sine)'<é+4gsin 6)

T =46 + 4cos 6X — 45in 6x0 + 45in 6xO — 4gsin O
T =40 +4cos0X —4¢sin@

So, the dynamics are

F = 5% + 4c0s 06 — 4sin 062
T=40+4cos0x —4gsin®

In Matrix form
5 4cos® | X | | F | 4sin 062
4cos® 4 6| | T 4gsin®
Linearizing about zero with T =0
54 | x| |1 0
.| = F
_44}{9} {0}{499}
% 1 —4g0
.| = F
9} {—1}J{ 599}

Putting this in state-space form




x| oo 10 x| | 0]
s e | |0 0 01 0 N 0 F
SX 0-4900 || sx 1
6 | {05200 s6 | |-1]
or
x| o o 10| x| |oO
J @ |_[0 0 01]e | |0
SX 0-39.200 || sx 1
's6 | [ 049000 || s6 | | -1
The poles are at
>> g = 9.8;
> A = [0,0,1,0;0,0,0,1;0,-4*%g9,0,0;0,5*g,0,0]
A =
0 0 1.0000 0
0 0 0 1.0000
0 -=39.2000 0 0
0 49.0000 0 0
>> B = [0;0;1;-1]
B =
0
0
1
-1
>> eig(A)
0
0
7.0000




4) (30pt) Derive the dynamics for a ball and beam system where

J=2.0kgm?2 (the inertia of the beam )
m = (0.5kg ( the mass of the ball )

Find the linearized dynamics atr=1.0m, 6 =0

Position of the ball:

X1 =1rcos0 y1 =rsino

X1 =rcos®—rsinod V1 =sin®+rcos0f
The potential and kinetic energy (assuming a solid sphere) are:

PE =mgy, =mgrsin6

KE =2J67 + %m(xf + yf) +2mi?

(

o . . o 2 . . o 2 o
KE = 6% + %mk(rcose —rsin 66) + (rsme + rcosGO) )+ %mr2

KE =67 + %m(?z + rzéz) ++mi?

KE = (1 + %mrz) 62 +0.7mi?
The LaGrangian is then
L = KE—-PE

L= ((1 + %mrz) 02 + 0.7mf2) — (mgrsin ©)
With m = 0.5kg

L= (('92 +0.25r262 + 0.35?2) —(0.5grsin 0)



Force on the Ball

L= (éz +0.25r20% + 0.35?2) —(0.5¢rsin 0)

F= (%) -(3)
F=2(0.79) - (0.5r6? - 0.5gsin6)
F=0.7f —0.5r62 + 0.5¢sin 0

Torque on the Beam

L= (éz +0.25r262 + 0.35?2) —(0.5grsin 0)

r=a(x) - (%)
T= %(Zé + 0.5rzé) —(-0.5gr cos#)

T=26+0.5r20+ri®+0.5grcos0

Putting it together
0.7 0 F | | 0.5r6*-0.5gsin® 07
0 2+0.5r2 || & | | —ri6—0.5grcos6 1
Linearizing at r = 1.0m
0.7 0 |7 ~0.5¢0 0
.| = T
Lo ) o LY

In State-Space form

r 0 010 |r 0
JO|_| 0 o001)e] | 0 |
F 0 -700 | F 0
6] |-196 000 6] |04



The open-loop system is unstable

>> A = [0,0,1,0 ; O0,0,0,1; O0,-7,0,0 ; -1.96,0,0,0]
A =
0 0 1.0000 0
0 0 0 1.0000
0 -7.0000 0 0
-1.9600 0 0 0
>> eig (A)
ans =
-1.9246
0.0000 + 1.92461
0.0000 - 1.92461
1.9246

>>



