ECE 463/663 - Homework #4

LaGrangian Dynamics. Spring 2024

(30pt) Derive the dynamics for an inverted pendulum where

ml = 4kg (mass of cart)
m2 = 1kg (mass of ball)
L =1.3m (length of arm)

Fine the linearized dynamics at x =0, =0

T <7
Mass #1 (ml =4 kg)

X1 =X yi=0

X1 =X v1=0

PE=0

KE = 2mv? = 2X*
Mass #2 (m2 = 1 kg, L = 1.3m)

X2 =Xx+1.3sin6 vy, =1.3cos6

X2 = X+1.3cos 00 V2 =—1.3sin66
PE=m,gy,=1-g-1.3c0s6



1 . .
KE = sm(x* +y?)

KE = %((x+ 1 .3coseé> " (—1 '35‘“96) 2)

KE = 0.5%2 + 0.84562(c0529 + sinze) +1.3x0cos6

KE = 0.5%% +0.84562 +1.3x0 cos 0

The LaGrangian is then
L=KE-PE

L=(2x%)+ (0.5)’(2 +0.8456% + 1.3x6 cos 9) —(1.3gcos0)
To find the dynamics, use the Euler LaGrange equation

L= (2.55(2 +0.84562 +1.3>'<écose) —(1.3gcos0)
_dfa)_(a
F_dt<8)'<) (8x)
F= 25 :
=\ 9x+1.3cos66 ) —(0)

F=5%+1.3cos00—1.3sin062

L= (2.55(2 +0.84562 + 1 .3)'<écose) —(1.3gcos0)

_dfoL) _(dL
T= dt(aé) (89)
T:%(1.69é+1.3c0595() —(—1.3sin95<é+1.3gsin 9)

T=1.699+1.3cos0%—1.3s5in0x0 +1.3sin6XxO — 1.3gsin 6
T=1.690+1.3cos6x—1.3gsin®

So, the dynamics are

F=5%+1.3cos06—1.3sin062
T=1.690+1.3cos6x—1.3gsin®



In Matrix form
5 1.3cos® | X (| F |, 1.3sin 09?2
1.3cos® 1.69 6| | T 1.3gsin®
Linearizing about zero with T =0
5 13 | x|_[1].| o0
1 1.31.69 | 8] |0 1.3¢6

x| | 0.25 .| —0-25g8
6 | | —0.1923 0.9615g6

Putting this in state-space form

x| o 0o 10]x 0
4O (|0 0 01 )6, 0 F
x| |0-24500 | x 0.25
' 6] | 09.4200] 6] |-0.1923 |
The poles are at
> A = [0,0,1,0;0,0,0,1;0,-2.45,0,0;0,9.42,0,0]
0 0 1.0000 0
0 0 0 1.0000
0 -2.4500 0 0
0 9.4200 0 0
>> eig (A)
0
0



2) (30pt) Derive the dynamics for a ball and beam system where

J=2kgm2 (the inertia of the beam )
m =3 kg ( the mass of the ball )

Find the linearized dynamics atr=1.0m, 6 =0

m = 3kg

J=2kgm"2

Position of the ball:
X1 =1rcos0 y1 =rsin®
Xy = cosO—rsin 6o V1 =Fsin®+rcos0d
The potential and kinetic energy. Assuming a solid sphere with radius 5Smm (0.005m)
J= %mrz r = radius here
X=ro x = displacement here
X=r

N 2
KE = %JGZ = %(%mrz) (%) = %I’TIX2 rotational KE for a solid sphere rolling

This gives (using r for displacement along the beam for x)

PE =mgy, =mgrsin® =3grsin®
KE = 3J67 + %m(xf + yf) +3mi?
KE=92+1.5(5<3+5/3) +0.672

KE =62 + 1 .5((i‘cose —rsin eé) ’ + (i‘sine + rcosGé) i +0.6/2
\ )

KE =62 +1 .S(i‘2 + rzéz) +0.6i2

KE = (1+1.5r%)0? +2.1i2



The LaGrangian is then
L = KE—-PE

L= ((1 +1.5r%)p? +2.1'r2) —(3grsin0)
L= (éz +1.5r262 +2.1'r2) — (3grsin )

Force on the Ball

L= (éz +1.5r262 +2.1i‘2) —(3grsin®)

F-3(%)-(3)
F=<(4.2) - (3ré2 —3gsin 9)

F=4.2F —3r6% +3gsin 0

Torque on the Beam

L= (éz +1.5r262 +2.1'r2) — (3¢grsin )

T=2(%) - (%)
T= %(zé = 3r26) —(—3grcos9)

T=20+3r20+6rr6+3grcoso
Putting it together
42 0 Fo| | 3rB%-3gsin® 07
0 2+3r2 || & | | —6ri6—3grcos6 1

Linearizing at r = 1.0m

EHEE-AiH



In State-Space form

r O 010 r 0
se _ O 001} 6 N 0 T
r 0 700 | r 0
_é_ | —5.88 0 OO__é_ 0.2

The open-loop system is unstable

>> A = [0,0,1,0;0,0,0,1;0,-7,0,0;-5.88,0,0,0]

0 0 1.0000 0

0 0 0 1.0000

0 -7.0000 0 0

-5.8800 0 0 0
>> eig(A)
-2.5329

-0.0000 + 2.53291
-0.0000 - 2.53291
2.5329

>>



