NDSU Dynamics of a 2-Link Arm ECE 494/761

Dynamics of a 2-Link Arm
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Problem: Determine the dynamics of a 2-link arm with

« Each arm having a length of 1m, and
« Each arm has a lump-mass of 1kg at the end of each arm.

Step 1: Determine the (x,y) position and velocity of each mass

mass 1:
X, = —sin (8,) X, = —cos (0,)0,

Y1 =COS (6,) yl = —sin (el)él
mass 2:

Xo =X1— Sil’l (91 + 92) Xo = —COS (91)91 — COS (91 + 92)(91 + é2>

y2 - yl + COS (91 + 92) y2 - —Sil’l (91)61 - Sil’l (91 + 92)(91 + 62)

Using shorthand notation

X1=—5, 5(1 :_Clél
YU =¢C ylz_slel
X2 =—8;1—S12 X2 =—C191—012(91+92)
Yo =C1+Cy2 yz =—3191_312(91+92>
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Step 2: Form the kinetic and potential energy:

Mass 1:

KE=tm(%:+y?)

KE = %((—clél) : + (—slél))

Note that sin?> + cos? = 1

KE=16?

PE =mgy,

PE =gc,
Mass 2:

KE = ém(xﬁ +y§)
KE=2{ (e, —cu(6,+0.)) + (5.6, -50(6,+6.)) )
KE=2{ci07+¢3,(0,+0,) +5:07 +53(6,+0,)

¢101204(6: + 0. ) +5:5.20,(6, +9. )

KE=2{07+(0,+0.) ) +i000(8,+6.) + 5.500,(6, +6.)

\

From trigenomietry

sin(a)sin(b) + cos(a)cos(b) = cos(a — b)

resulting in
. . . 2 . . .

KE=(1-¢,)0}+203 +(1+¢,)0,6,

PE=m.,gy.
PE: g(01 +012)
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Step 3: Form the LaGrangian:
L=KE-PE

L = (1 + C2)éf + éég + (1 + C2)élé2 - 2gC1 —gC12

Step 4: Take the partials

r-4)- (%)
r=3(3)- (%)

Starting with O

ae =2(1+¢5)0, +(1+¢2)0,

jt(;f) 2(1+C2)0, + (1+€2)0, — 25,0,0, — 5,62

oL _

Putting it together:

d( oL aL
T\ = dt(ae ) B (3_91)

T,=2(1+¢C5)0, +(14C5)05 — 25,0,0, — 5,62 — (2gS; + GS12)

Correct Equations from John Craig

Tl = 2(1 +C2)él + (1 + 02)62 - 2329162 _Sgég - (2gCl +gCl2)
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Moving on to 0,
Take the partial derivative with respect to dq2:

oL _

N 0,+(1+c,)0,

Taking the full derivative:

%(B_L) = 62 + (1 + C2)é1 _326162

892

Now, on the partial with respect to q2:

aL 3 3 3
E = _3295 _329192 +g812

Putting it together:
d| oL oL
T.=al%) (&)
T2 - (ég + (1 +Cg)él _Sgélé2> - (_Sgéf _Sgélé2 +gsl2)
T2 = 62 + (1 + C2)é1 + S2é12 —9812

Correct Equations from John Craig:

T2 - ég + (1 + Cz)él + Sgéf +g(312

Net result:
T1 = 2(1 + C2)é1 + (1 + C2)é2 - 2826162 - S2é§ + 2gCl + gC12

To=0,+(1+C2)0;+5:02+gcCo

To solve, rewrite this in matrix form:

2(1+¢2) (1+c¢2) || 6, |_| To N 25,0,0, + 5,62 _g| 2t
(1+Cg) 1 é2 T2 _3293 012

Mass Matrix * Acceleration = Torque - Coriolis Forces + Gravity

Given the joint angles, velocities, gravity, and input torques, you can compute the joint accelerations as
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0, _| 2(1-c.) (1-c2) _1( T, 25,0,0, + 5,62 | 2951+9g5ie j
92 (1_02) 1 T2 _3263 9812

Note that the mass matrix is zero when 0, is 180 degrees. This suggests that the acceleration goes to infinity at
this position (and should be avoided)

MatLab Code:

function [ ddQ ] = TwoLinkDynamics( Q, dQ, T )

gl = Q(1);

a2 = Q(2);

dgl = dQ(1);

dg2 = dQ(2);

cl = cos(qgql);

sl = sin(qgl);

s2 = sin(g2);

c2 = cos(g2);

sl2 = sin(gl+g2);

cl2 = cos(gl+g2);

g = 9.8;

M= [ 2*(1+c2) + 0.002, 1+c2 ;

1+c2 , 1+0.002 ],

C = [ 2*s2*dgl*dg2 + s2*dg2*dg2 ;
-s2*dqgl*dgl 1

G = [2*g*sl + g*sl2 ;
g*sl2 1;

ddQ = inv(M) * ( T + C + G );

end

Note: The mass matrix becomes singular at 0 and 180 degrees. To avoid this singularity, 0.01 is added to the
diagonal ( the arm isn't exactly a point mass )
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Image of 2-link arm in free-fall
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Main Calling Routine:

Q= [2; 0.2];
dg = [0; 0];

t
dt

Il
o
.
o
et

~

while(t < 100)

ddQ = TwoLinkDynamics (Q,

dQ = dQ + ddQ * dt;
Q = Q + dQo*dt;

t =t + dt;

x0 = 0;

y0 = 0;

x1 = -sin(Q(1));
vyl = cos(Q(l));
x2 = x1 - sin(Q(1)
y2 = yl + cos(Q(1)
clf;

plot ([-2,2],[-2,2],"'x");
hold on;
plOt([_Zer/ [0/0
plOt([OrOJr [_212]

plot ([x0, x1, x2],
pause (0.01);

end

do,

T);
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