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Dynamics of a 2-Link Arm

Problem: Determine the dynamics of a 2-link arm

« Each arm having a length of 1m, and
« Each arm has a lump-mass of 1kg at the end of each arm.
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Step 1: Determine the (x,y) position and velocity of each mass

mass 1:
X1 =-s1n(0,) X, =—co0s (81)0;
Yy, =cos(0;) 1 =—sin (0,)8,
mass 2:
X> =X1—Sin(0; +0,) X» =—c0s(01)0; — cos (0, + 92)(91 + ég)
Yo=Y, +cos(0;+6,) > =—sin (0,)0; —sin (0, + 92)(91 + 92)
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Using shorthand notation

X1=—-81

Y =0Cq

Xo =—S1—S12

Yo =C1+Ci2

-0.5

5(.'1 - —0191

y1 = —3161

2 =161 — c1a( 01+ 6 )

Yo = —5161 —312(91 + 92)
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Step 2: Form the kinetic and potential energy:

Mass 1: (sin® +cos*=1)
KE=tm(i +32) = (-e0,) "+ (-s:6,) 7] = 202

PE=mgy1=g01

Mass 2:
KE=1m(x3+93)
KE = g((—clél — c12(é1 + 92)) E (—3191 —512(91 " 92)) 2)
KE = é(cféf +cf2(él + é2> 2 +5763 +Sf2(91 T 92) 2)
+0101201(8,+02 ) +515106,(6,+6,)

. ° . 2 . . . . . .
KE = é(ef + (61 + 92) ) + 0101291(91 + 62> +8131291(61 + 62)




From trigenomietry

sin(a)sin(b) + cos(a)cos(b) = cos(a — b)

resulting in
. . . 2 ° ° .
KE:§(6$+(61+92) ) +0261(61+92)

KE = (1 — C2)é? +§9§ + (1 + Cg)élég

PE =m,gy. =g(c1+C1o)




Step 3: Form the LaGrangian:
L=KE-PE

L= ((1 +¢2)0% +105 + (1+ 02)9192) —(gc1+gley+c12))

L — (1 + Cg)é? + éég + (1 + Cg)élég — 2gCl — g012




Step 4: Take the partials
With respect to q1

L=(1+¢2)0% +203 + (1+¢2)0:02 — 2gc; — geio
_d(aL oL
T = E(a_él) - (%)

T, = %(2(1 +C2)0; +(1+ c2)é2> — (2981 +gS12)

T, = (2(1 +C5)0, +(145)0, —25,0,0, — szé§> — (2951 + gS12)




With respect to g2:

L= (1 + Cg)éf + éeg + (1 + Cg)élég —2(JC1 —(gCi2
_d| JdL oL

I>= z(ﬁ) - (ﬁ)

T, = %(éz +(1+ c2)(§1) - (—32('9? ~ 50,0, +gsl2)

T, = (52 +(14¢2)0; —329192) — (—s2éf ~5.0:0, +gsl2)

T2 — ég + (1 + 02)61 + Sgéf — g812




Net result:
Ti=2(1+¢C2)0;+(1+C2)02—25:0,0, — 5,02 —27gs; — gs1o
T2 - 62 + (1 + Cg)él + S2éf —g812

To solve, rewrite this in matrix form:

2(1+¢s) (1+¢2) || 6, |_| T . 2550105 + 5,63 +g| 725175
(1+c¢,) 1 0, T, —-$,0° —S10

Mass Matrix * Acceleration = Torque + Coriolis Forces + Gravity

. Note that the mass matrix is zero when 05 is 180 degrees. This suggests that the acceleration goes
to infinity at this position (and should be avoided)




MatlLab Code:

function [ ddQ ] = TwolLinkDynamics( Q, dQ, T )
gl = Q(1);

gz = Q(2);

dgl = do(1);

dgz = dQ(2);

cl cos (gl) ;

sl = sin(qgl);

s2 = sin(g2);

c2 = cos(g2);

sl2 = sin(gl+g2);

cl2 = cos(gl+tg2);

g = 9'8I

M= [ 2*(1+c2) + 0.002, 1+c2 ;
1+c2 , 1+0.002 71,

C = [ 2*s2*dgl*dg2 + s2*dg2*dg2 ;
-s2*dgl*dqgl 1;

G = [2*g*sl + g*sl2 ;
g*sl2 1;

ddQ = inv(M) * (T + C + G );

end




2-Link Arm in Freefall
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Image of 2-link arm in free-fall




Main Calling Routine:

[2; 0.2];

while (t < 100)
ddQ = TwoLinkDynamics (Q,

d0 = dQ + ddQ * dt;

Q = Q + do*dt;
t =t + dt;

x0
y0

0;
0;

x1
y1

-sin(Q (1))
cos (Q (1))

e o

x2
V2

x1l - sin(Q (1)
yl + cos (Q

clft;

plOt([_Zr 2]/ [_21 2]/

hold on,

plot ([-2,2], 10,017,
plot ([0 ] [-2,2],
plot ([x x1l, x2],
pause(O Ol)

end

do,

T);

Vb._l







